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Linear Algebraic Groups vs Automorphism Groups

Ivan Arzhantsev

In this talk we discuss the similarities and differences between linear algebraic
groups and automorphism groups of affine algebraic varieties. We are especially
interested in the group of special automorphisms SAut(X), i.e., the normal sub-
group of Aut(X) generated by all one- parameter additive subgroups. We consider
the Tits Alternative and the flexibility property for affine varieties. The group
SAut(X) acts in the regular locus of a flexible variety X infinitely transitively,
that is, any finite collection of smooth points can be sent to any finite collection
of smooth points of the same cardinality. Using flexibility, we show that every
non-degenerate toric variety, every homogeneous space of a semisimple group, and
every variety covered by affine spaces admits a surjective morphism from an affine
space. Applying the ellipticity property introduced by Mikhail Gromov in 1989,
we prove that a complete algebraic variety X is an image of an affine space if and
only if X is unirational.

This is a joint result with Shulim Kaliman and Mikhail Zaidenberg.

Ivan Arzhantsev

Faculty of Computer Science,
HSE University,

Moscow, Russia
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Grobner-Shirshov bases, Dehn’s algorithm and small
cancellation rings

Agatha Atkarskaya

In Group Theory there exists a class of problems on constructing groups with
exotic properties, e.g., infinite Burnside groups, Tarskii Monster etc.. There exists
a universal approach for these problems which is called “Iterated small cancella-
tion theory”. Its essence is that the desired group is presented as a direct limit of
hyperbolic groups (or even stronger small cancellation groups). In Ring Theory
there exists a similar class of problems on constructing algebras with exotic prop-
erties. Particularly, we are interested in the following old problem: does there exist
a division algebra infinite dimensional over its center with finitely generated mul-
tiplicative group (posed by Kaplansky, Lvov and Latyshev in 1970s). For algebras
so far there is no uniform approach to construct such “monster” objects. In pa-
pers |1, 2, 3] we made a significant progress towards such an approach. Namely, we
introduced new techniques which allow to work with ring relations using the idea
of small cancellation form Group Theory, gave a definition of small cancellation
rings, and described their properties and further applications.
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Ideas for a radical reform of mathematics
education, aprés Arnold, Gelfand, and Vavilov

Alexandre Borovik

Introduction

I continue the discussion started by Nikolai Vavilov in his remarkable paper of 2021
(with Vladimir Khalin and Alexander Yurkov) The skies are falling: Mathematics
for non-mathematicians [10] supported by their texbook [9]. It is about the crisis
in mathematics education and the urgent need for a deep reform. I will invoke
views on possible changes from other mathematicians, first of all, Vladimir Arnold
and Israel Gelfand.

But my assessment is more stark: the mainstream mathematics education
for everyone is dying. Tts fate appears to be sealed by the emergence of AT with
its promise that a smartphone will answer all mathematical questions which a
person would ever encounter in his/her everyday life. This is happening for reasons
beyond our control: the change of the role of mathematics in the very heart of the
economy—in division of labour |3, 4]. I do not know how to save or reform the
mainstream mathematics education. Instead, I focus on development of a much
more narrow stream of academically selective education, mathematics for makers
[4] build on the principles of Deep Education, starting in primary school [3, Sections
8-10]:

Mathematics education in which every stage, starting from pre-school,

is designed to fit the individual cognitive profile of the child and to serve

as propaedeutics of his/her even deeper study of mathematics at later

stages of education—including transition to higher level of abstraction

and changes of conceptual frameworks.

This means running a network of mathematical circles, olympiads, Sunday,
Winter, Easter, Summer Schools, etc. for identifying children who must be saved
from their schools and directed to mathematical classes, schools, boarding schools
of the Deep Stream. This is a colossal task, and it cannot be done without an ac-
tive participation of the professional mathematical community. We have to realise
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2 Alexandre Borovik

that we have to ensure survival of our community and our culture. It is worth
to remember a message from the times when a certain community of faith was
fighting for its survival:
Then saith he unto his disciples, The harvest truly is plentious, but the
labourers are few. (Matthew 9:37 KJV)

1. Deep Stream: Arithmetic + Algorithmic + Algebra

With the administrative structure of the Deep Stream so loose, some shared un-
derstanding of its purpose and possible curricula is paramount. I emphasize: this is
not about adapting the 20th century mathematics to the 21st century. As outlined
in [6, 10], it means the 21st century mathematics education for the 21st century
mathematics.

1.1. Arithmetic and Algorithmic

What I suggest in my talk is a fragment of one of possible curricula based on
merging mathematics with computer science / programming, a course Arithmetic,
Algorithmic, Algebra (AAA) which should start in primary school as soon as kids
can read and write/type. Its first principle:

From a relatively early stage of the course, Learner’s answer to an arith-
metic or algebraic problem (including mathematical problems described
as ‘real life’ problems) should be an algorithm (and later—executable
computer code developed, almost in its entirety, by Learner—without
use of standard packages such as MATHEMATICA)—which

e solves all problems of the same type;

e helps to check, analyse, and generalise the solution.

At the earliest stage, this is achievable by applying the questions procedure to ‘word
problems’ |5, Sections 3 and 4]: a sequence of questions produced in the solution is
already an algorithm written in plain language. Together with attention to named
numbers (future typed variables of coding) [5, Sections 3 and 4] this already meets
the requirements.

I stick to two principles formulated in 1947 by Igor Arnold® [, Section 1]:

1. Teaching arithmetic involves, as a key component, the development of
an ability to negotiate situations whose concrete natures represent very
different relations between magnitudes and quantities.’

In modern mathematical language this means mapping the structures and
relations of the real world into operations and relations of arithmetic.

2. The difference between the “arithmetic” approach to solving problems
and the algebraic one is, primarily the need to make a concrete and

gor Arnold was the father of Vladimir Arnold, who republished his paper and endorsed it in a
touching foreword [1].
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A radical reform of mathematics education 3

sensible interpretation of all the values which are used and/or which
appear at any stage of the discourse.

Again, it means full use of “functorial” properties of the mapping from the real
world to numbers and other mathematical structures, and development of depth
and functionality of thinking within a limited language. My favourite simile is the
Essential English method developed in 1930s by West, Palmer, and Faucett for
teaching English as a second language, which was aimed at achieving full language
fluency within a limited, but functional vocabulary.

1.2. Algebra

Algebra should be introduced simultaneously with switch from verbal algorithms
to computer programming.

The content of the algebra course should change and reflect the demands of
computer programming, and include, for example, Boolean algebra, elements of
number theory, modular arithmetic, and finite fields. Shaping the algebraic cur-
riculum should go in step with development of the bespoke, and very child-friendly,
Domain-Specific Language (DSL)? for use in the course. Most likely, existing gen-
eral purpose languages are not suitable for this role. In particular, DSL is needed
for bridging the conceptual gap between

e formulation of an algorithm and its implementation in a code, and
e representation of the answer as a closed algebraic formula.

1.3. Elementary Geometry

AAA includes elementary geometry as a theory of the 2-dimensional vector space
over R with two non-degenerate bilinear forms, one symmetric—dot product, an-
other skew-symmetric—wedge product. This approach was developed by Israel
Gelfand in his proto-textbook of elementary geometry for schools, left, unfortu-
nately, unfinished. The use of the wedge product allows us to easily handle, at the
level of algorithms and computer code, orientation of the plane and concepts of
left /right and clockwise/counterclockwise. Moreover, this solves problems unap-
proachable in the traditional school geometry, for example, this one:

Problem. A scalene triangle (that is, a triangle in which all three sides

are in different lengths) is drawn on a piece of paper. It was carefully cut

out and turned over. Prove that if you move this triangle along a sheet

of paper, then it cannot be used to cover the hole left behind without

any gaps.
You can experiment with a cut out and flipped over scalene triangle on a Mobius
strip; if you drag it near the hole, you can’t cover the hole. But if you drag it
along the entire length of the strip, it covers it perfectly. Locally, a Mdobius strip
is a piece of the Euclidean plane; but, unlike the latter, it is not orientable [3].

2A Domain-Specific Language (DSL) is a computer language specialized to a particular applica-
tion domain. This is in contrast to a general-purpose language (GPL), which is broadly applicable
across domains. Famous examples include html and ITEX. Some books: [2, 11].
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4 Alexandre Borovik

Orientability of a surface is its global property, but school geometry was always
local, made on a small sheet of paper.

1.4. The rest of school mathematics

Other parts of mathematics, for example, mechanics, combinatorics, probability
theory, and statistics need a separate discussion and are not touched here. Also,
interactions with physics deserve most serious attention.

Conclusion

This abstract is only a very brief outline of a relatively short about talk proposed
course. Some additional details could be found in [7].
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Basic representations of affine Lie algebras and
theory of Chevalley groups

Igor Frenkel

Basic representation of affine Lie algebras when restricted to finite dimen-
sional simple subalgebra gives a model of all irreducible finite dimensional repre-
sentations. Thanks to its elementary nature the basic representation is very useful
in various classical problems of simple Lie algebras and Chevalley groups (and we
discussed this with Kolya). We recall a construction of the basic representation
and present some new developments of this construction that have a potential of
further applications to classical theory.

Igor Frenkel

Yale University,

Mathematics Department, 10 Hillhouse avenue,
New Haven, USA

e-mail: igor.frenkel@yale.edu
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Some problems around S L, (C')

Nikolai Gordeev

Let G be a group and let F),, be a free group of the rank n. For a word
w € F,, the word map w : G,, — G is defined by the formula w((g,...,9,)) =
w(g1, ..., gn). During the last 10-15 years the theory of word maps are intensively
developed especially for the case when G is a simple algebraic group. Here we
consider some problems of the theory of word maps and related questions for the
case when G = SLy(C)

Nikolai Gordeev

Herzen State Pedagogical University of Russia
191186, Naberezhnaya reki Moyki, 48,
Sankt-Petersburg, Russia
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Tropical vs. classical algebra

Dima Grigoriev

Tropical (or min-plus) algebra have numerous common features with classi-
cal commutative algebra, while its statements and proofs considerably differ from
their classical counterparts. We consider tropical analogs of linear algebra, Null-
stellensatz, Milnor-Thom inequality, Hilbert polynomial.

Dima Grigoriev

CNRS, Mathematiques,

Villeneuve d’Ascq, 59655,

Lill, France

e-mail: dima.grigoryev@gmail.com
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Matrix evaluations of non-commutative polynomi-
als

Alexey Kanel-Belov, L.Rowen, Sergey Malev

The talk is dedicated to the memory of Nikolai Vavilov. We extend his ideas
on group word mappings to the ring case. It is joint work with Sergey Malev and
Louis Rowen.

The general statement is as follows. Let P(z1,...,x,) be a non-commutative
polynomial in matrices of order n. What can be said about the set of its values?

I. Kaplansky and I. V. Lvov posed the question (see Dniester Notebook)
that the set of values of a multilinear polynomial is a vector space (in this case it
coincides either with zero, or with the space of all matrices, or with the space of
traceless matrices, or with scalar matrices). The solution of Kaplansky’s problem
even for second-order matrices over a square-closed field turned out to be quite
non-trivial and deep. It got many references. Recently it was solved for Calley
algebra.

Questions related to equations in matrices, in addition to their applied sig-
nificance, are related to the construction of an algebraically closed field, to the
freedom theorem: if we add a new non-commutative variable and a relation where
it is involved, this will not lead to the appearance of new relations. There are
a number of deep problems related to the set of values of words in a group, in
particular in second-order matrices.

We discourse state of art of this problem, some partial results, Lie algebra
case and some relations with group theory.

Alexey Kanel-Belov, L.Rowen, Sergey Malev
Department of Mathematics, Bar-Ilan University
Ramat-Gan, 5290002 Isracl , MIPT, RF,

Israel

e-mail: kanelster@gmail.com
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Finite groups without elements of order 2p for an
odd prime p

A.S. Kondratiev, J. Guo, W. Guo and M.S. Nirova

Abstract. We consider the problem of desription of finite groups without ele-
ments of order 2p for an odd prime p. A rich history of the study of particular
cases of the problem is given. As main result, we prove new general structural
theorem on finite non-solvable groups without elements of order 2p for an odd
prime p. The theorem reduces largely a solving the problem to investigating
almost simple groups and faithful 2-modular representations of quasisimple-
groups. The theorem reinforces essentially well-known Vasil’ev-Gorshkov the-
orem and can be applied to obtaining new arithmetical characterizations of
finite groups.

Our notation and terminology are mostly standard and can be found in [1, 2].

Let G be a finite group. Denote by m(G) the set of all prime divisors of the
order of G. The Gruenberg—Kegel graph, or the prime graph, of G is the graph
I'(G) with vertex set 7(G) in which two vertices p and ¢ are adjacent if and only if
p # q and G has an element of order pq. A set of a pairwise non-adjacent vertices of
a graph is called its coclique. Denote by ¢(G) the greatest cardinality of cocliques
of I'(G) and by t(2, G) the greatest cardinality of cocliques containing 2 of I'(G).
A finite group X is almost simple whenever S < X < Aut(S) for some finite
nonabelian simple group S; equivalently, provided that the socle of X is a finite
nonabelian simple group. A finite group X is quasisimple whenever X’ = X and
X/Z(X) is a finite nonabelian simple group.

It is well known the dominating role of involutions in the thery of finite non-
solvable groups and especially in the classification of finite simple groups (CFSQG).
If G is a finite group of even order and 2 # p € n(G) then it is important to
know whether the vertices 2 and p are adjacent in the graph I'(G). We shall call
an W,-group for an odd prime p a finite group of order dividing by 2p and having
no elements of order 2p; the vertices 2 and p in the Gruenberg—Kegel graph of
such group are non-adjacent. Denote by W the class of all W-groups when p
runs all odd primes. Then W coincides with the class of finite groups G such that
t(2,G) > 2.

18



2 A.S. Kondratiev, J. Guo, W. Guo and M.S. Nirova

Any finite simple group belongs to the class W, except the alternating group
of some degree. Finite groups with disconnected Gruenberg-Kegel graphs belong
also to W. Thus, the class W is wide and the following problem arises naturally.

Problem. Describe W,-groups for an odd prime p, at least small ones.

Given a finite group G and an odd prime p, denote by W,(G) the group
0{2’P}/(G/O{27p}/ (G)) It is clear that G is a Wy-group if and only if W,(G) is a
Wp-group.

The history of results on particular cases of Problem is very rich.

Burnside (1900) considered the case when the order of any element of a finite
group either is odd or equals 2.

G. Higman (1957) described finite groups whose element orders are prime
powers (Shi called such groups shortly as EPPO-groups). It is clear that the
connected components of the Gruenberg-Kegel graph of a EPPO-group are one-
element.

A finite group of order dividing by a prime p is called a Cpy-group if the
centralizer of any its non-trivial element is a p-group. It is clear that a FPPO-
group G is Cpp-group for any p € n(G).

Back at the dawn of classification finite simple groups (CFSG), M. Suzuki
(1961-1962) in his pioneer fundamental papers obtained a description of Cho-
groups, i. e., groups which are W-groups for all odd prime divisors p of their
orders. In the sequal, this description was refined and reduced to a criterion in
works of G. Higman (1968), P. Martino (1972), Stewart (1973) and Brandl (1981).
As a corollary, a complete description of EPPO-groups was obtained.

A complete description of non-primary Csz-groups is obtain by G. Higman
(1968), Stewart (1973) and Fletcher, Stellmacher, and Stewart (1977).

A description of non-primary Css-groups is obtained in the papers by Dolphi,
Jabara, Lucido (2004) and Astill, C. Parker and Waldecker (2012).

It is remained open the problem of describing Cp,-groups for a prime p > 5.

It is clear that the Gruenberg—Kegel graph of any non-primary Cp,-group is
disconnected.

The first result about finite groups with disconnected Gruenberg-Kegel graph
is the well-known structural theorem (Gruenberg-Kegel Theorem) obtained by
Gruenberg and Kegel about 1975 in an unpublished paper. The proof of this the-
orem was published in the paper of Williams (1981), post-graduate of Gruenberg.

Williams (1981) obtained also an explicit description of connected compo-
nents of the Gruenberg-Kegel graph for all finite simple non-abelian groups except
the groups of Lie type of even characteristic.

In 1989, AK [4] obtained such description for the remaining case of the groups
of Lie type of even characteristic. Later in 1993, this result was repeated by liyori
and Yamaki. But later, some inaccuracies in all three papers were found. In a joint
work of AK and Mazurov [5], the corresponding tables were corrected.
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Finite groups 3

The classification of connected components of Gruenberg-Kegel graph for
finite simple groups were applied by Lucido (1999, 2002) for obtaining analogous
classification for all finite almost simple groups.

It is remained open the natural problem of describing the finite non-solvable
groups with disconnected Gruenberg-Kegel graph, which are not almost simple.

In 2005, A.V. Vasil’ev observed that the proof of the Gruenberg-Kegel The-
orem uses essentially the fact that a finite group G with disconnected Gruen-
berg—Kegel graph contains an element of odd prime order which does not adjanced
inI"to 2. A.V. Vasil’ev in [7] proved a wide generalization of the Gruenberg-Kegel
Theorem for non-solvable groups. This result was a few sharpened by A.V. Vasil’ev
and Gorshkov in [8]. Vasil’ev-Gorshkov Theorem can be considered as a general
structural theorem for non-solvable groups from class W with an emphasis on a
relation with their Gruenberg-—Kegel graphs.

Now we consider our results on Problem.

The non-abelian finite simple W3-groups were determined in 1977 in the three
independent articles of Podufalov, Fletcher, Stellmacher, and Stewart, as well as
Gordon. The problem of describing general finite W3-groups remained open for
more than 40 years before In 2018, AK and Minigulov in [6] solved it without
using CFSG.

Recently in [3], we solved Problem for solvable W-groups and p > 3. Now
using this result, we reinforce Vasil’ev-Gorshkov Theorem with an emphasis on
normal structure of investigated groups proving the following main theorem.

Theorem. Let G be a non-solvable Wy,-group for an odd prime p, K = S(G)
and G = G/K. Then G is an almost simple group with the socle S, p does not
divide the index |G : S|, t(S) > t(G) -1, t(2,5) > t(2,G), and one of the following
assertions holds:

(1) K = 0{2,1)}’(0));

(2) p divides | K|, a Sylow 2-subgroup of G is (generalized) quaternion group,
G/O(G) is isomorphic to either 2- A7 or an extension of SLa(q) for odd g > 3 by
a cyclic group of either odd order or a doubled odd order, O, 5, (O(G)) = O(G),
an involution from K = Z*(QG) inverts some (abelian) Sylow p-subgroup of O(QG)
and centralizes O(G) /Oy »(O(G)), t(G) =1(2,5) =3, and t(2,G) = 2;

(3) p does not divide |K|, 2 divides |K|, a Sylow p-subgroup of G is cyclic,
Oz 29/(K) =K and S centralizes K/Oq 5(K).

Remark. In the case (3) of Theorem, the last term E of the derived series
of G/Oa o(K) is a quasisimple Wj-group such that EK/Oz o(K) is a central
product of K/Ow o(K) and E, E/Z(FE) is isonorphic to S, and E acts faithfully
on Oy o(K)/O(K).

Therefore, Theorem reduces largely a solving Problem to investigating the
cases (1) and (3) of Theorem, i. e., almost simple W-groups and faithful 2-modular
representations of quasisimple W,-groups.

Recently, we determined in [3] all almost simple Ws-groups.
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4 A.S. Kondratiev, J. Guo, W. Guo and M.S. Nirova

The results we have obtained can be applied to obtaining new arithmetical
characterizations of finite groups.
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On unitary Nil K;-groups

Viacheslav Kopeiko

Abstract. In the paper we introduce a new unitary nil subgroup of the unitary
Bass’ nilpotent Ki-group of a unitary ring. This group is a extending of a
unitary nil Ki-group is defined before by author. The properties of the nil
group are unitary analogues well-known properties of the Bass’ nilpotent K-
group of a ring in algebraic K-theory.

Introduction

In the paper, we follow the standard setting and notations of unitary (algebraic)
K-theory [1]. Let (R, A, A) be a unitary ring, where R is an associative ring with
1, equipped with an involution z — Z. Further, let A be a central element of R
such that A- X = 1, and let A be an additive subgroup of R such that {z — \Z,z €
R} < A<{z € R:x=-\&}. We note that (R, \,A), where A = {Z,z € A},
is a unitary ring also. Let us extend the involution to the matrix ring M, (R) by
setting (a;;)* = (a5;).

Definition 1. A matrix a(€ M, (R)) is said to be A-hermitian if the a is a

(—A)-hermitian, i.e., a = —Aa*, and all diagonal entries of the a belong to A.
For a natural number r we set I;\ = ( )\2 eor ), where e, is the identity

matrix of degree 7.
b

Definition 2. A matrix a = ( Z d > € My, (R), where a,b,c,d € M,.(R),

is said to be unitary if a*I*a = I)); and the o to be A-unitary if moreover the
diagonal entries of the matrices a*c and b*d are contained in A.

The set Us\.(R,A) of all A-unitary matrices of degree 2r forms a group; it
is called the (hyperbolic) A-unitary group. Denote by EU3\.(R,A) the subgroup

of U3\.(R,A), generated by all matrices of the form H(a) = ( g (a*(;‘l ) (hy-

perbolic matrix); ( €0r eb >; ( €cr eo ), where a € E,(R), bis a A-hermitian,
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2 Viacheslav Kopeiko

and ¢ is a A-hermitian. The group EU3\.(R, A) is called elementary (hyperbolic)
A-unitary group.

Let us define an embedding U3).(R, A) — Us,.,o(R, A)
a 0 b 0
a b . 01 0 0
c d c 0 d 0 )
00 0 1

and set UN(R,A) = UU.(R,\), EUNR,A) = UEU3.(R, A).

In view of the unitary analog of the Whitehead lemma ([1], Chap.2, Propo-
sition 3.7), EUM R, A) = [UNR,A), U*(R, A)]. In particular, the (abelian) group
K UMR,A) = UMNR,N)/EUMNR,A) is well defined. The class of a matrix a €
Uz (R, A) in the group K;U*(R,A) is denoted by [a]. As a result, we obtain uni-
tary Kj-functor K;U acting from the category of unitary rings to the category of
abelian groups.

Definition 3. The kernel of the (splitting) group epimorphism
K \UMR[X],A[X]) = K U*R, A) induced by unitary surjection of unitary rings
(R[X],A[X]) = (R,A) : X — 0 is called unitary Bass’ nilpotent Kj-group of the
unitary ring R and it is denoted by NK;U*(R, A).

Z __;* is called the second order
nilpotent of the A-unitary type if its components a,b,c € M, (R) satisfies the
following conditions:

1) the matrices b and ab are A-hermitian, and ab = ba™;

2) the matrices ¢ and ca are A-hermitian, and ca = a*c;

3) be = a? and cb = (a*)%

It is easy to check that a is a nilpotent matrix of nilpotency degree 2.

In the sequel we abbreviate of I to I.

Proposition 1. The matrix a(€ Mo, (R)) is a second order nilpotent of the
A-unitary type if and only if a*I + Ia = 0 and o*Ia = 0.

The following result was proved by author in [2].

Theorem 1. Let a be a nonzero matrix in My, (R). Then for any natural
number m the matrix ez, — aX” is a A[X]-unitary matrix if and only if the
matrix « is a second order nilpotent of the A-unitary type.

Recall definition of a unitary nil group is introduced by author in [2]. We
denote by Unip; K UMR, A) the subgroup of NK;U*(R, A) generated by all ele-
ments of the type [e2, — «X™], where 7, m are natural numbers, and a(€ Ma,.(R))
is a second order nilpotent of the A-unitary type.

Let us consider a number of examples.

Example 1. Let ey, — aX be a A[X]-unitary matrix, where a = a(X) =
a1 + a2 X, and ay,az are nonzero matrices over R. Suppose a? = 0. Then a? = 0,
a2 = 0, and ajas + asa; = 0. From these equalities it follow that (aja2)? = 0.
Further, by definition, (es, — aX)*I(ea, — aX) = I. Therefore we obtain that
ail +Ta; =0, a5l + Iaz + ajlay =0, ajlas + a3la; = 0, a5las = 0. Then from

Definition 4. A nonzero matrix o =
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On unitary Nil K;-groups 3

the equalities a? = 0 and @l + Ia; = 0 we get ajla; = 0. Hence, a3l + las = 0.
Moreover from the equalities ajl + Ia; = 0 and ajlas + a5la; = 0 it follow that
(ayaz)*I + I(ayas) = 0. Hence ay, as, and ajas are a second order nilpotent of the
A-unitary type by Proposition 1, and we obtain the following decomposition of
the unitary unipotent matrix into the product of the unitary unipotent matrices
€op — CL1X — CL2X2 = (EQT — CL1X)(€2T — CL2X2)(62T — CL1€L2X3). Thus [627« — aX] =
[627- — alX] [627« — a2X2][e2r — a1a2X3] € Um'lelU)‘(R, A)

Now we formulate a more general statement.

Proposition 2. Let ey, — aX be a A[X]-unitary matrix, where a = a(X) =
ar + asX + ...+ a, X"71 a; € My (R). Suppose o? = 0 and a;a; + aja; = 0
for all 1 < 4,5 < n. Then all nonzero matrices a; and a;a; are a second order
nilpotent of the A-unitary type, and we have decomposition es, — X =[]}, (€2, —
a; X" 7119'<j§n(e27° — a;a; X"7). Hence, [ez, — Xa] € Unipi K1UM(R, A).

The following example shows necessity the assumption a;a; +a;a; = 0 for all
1 <14,j <n in Proposition 2.

Example 2. Let ey, — aX be a A[X]-unitary matrix, where a = o(X) =
a; + as X + a3X?, a1, az, and a3 are nonzero matrices over R. Suppose o? = 0.
By analogy with investigation in Example 1 we get that a; and a3 are a second
order nilpotent of the A-unitary type, ajas + asa; = 0, ajas + aza; + a2 = 0, and
asaz+azas = 0. If ajaz+aza; = 0, then a% = 0. Hence in this case, by Proposition
2, we obtain decomposition [ea, — aX] = [ea, — a1 X][ea, — a2 X ?][ea, — a3z X3][ea, —
CL1€L2X3][€2T — a1a3X4][egr — a2a3X5] S U’I’LilelU)‘(R, A) In the other side, i.e.,
if ajaz + aga; # 0, we have only decomposition [es, — aX] = [ea, — a1 X][ea, —
a2 X?% — 4102 X3 — a1az Xt — asaz X° — a1a2a3X)[ea, — azX?]. I don’t know, but
I conjecture the element [eg, — asX? — ajas X? — ajaz X* — aza3X® — ajazaz X
is not belongs in Unip, K;UM(R, A). Hence the nil group Unip, K;UMN(R, A) must
be extended.

We denote by Unip; K1UM(R, A) the nil subgroup of NK;UMR,A) gen-
erated by all elements of the type [ea, — Xa], where 7 is a natural number,
a = a(X)(€ My, (R[X])) is a nilpotent matrix of nilpotency degree 2. By defi-
nition, Unip K;UM(R, A) is a subgroup of Unip; K1UM(R, A).

Theorem 2. 1) Let n be a positive integer such that n =n -1 =0 in the ring
R, where 1 is the identity element of R. Then the group Unipi K;U(R, A) is of
an n-torsion group.

2) If n is an invertible element of R, then the group Unip, K ;UM R, A) is a
uniquely divisible by n.

3) If R is a Q—algebra, where Q denotes the field of rational numbers, then
Unip, KU R, A) is a Q—vector space. In particular, Unip, K;U*(R, A) is a di-
visible group, and it is a direct summand of the group NK;UM(R, A).

In [2] we is also introduced the nil subgroup Unips K UMN(R, A) of NK,UM(R, A),
generated by all elements of the type [H (e, — aX)], where a(€ M, (R)) is a nilpo-
tent matrix. For the nil groups Unip; K1UMN R, A), Unips K1UM(R, A) analogous
of properties 1)-3) from Theorem 2 is proved in [2]. But in the case of the group
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4 Viacheslav Kopeiko

Unipa K UMN(R, A) in 2) and 3) we must propose that either hyperbolic homomor-
phism H : Ki(R) — K;UMR,A) : [a] — [H(a)] or the forgetful homomor-
phism F : K;UNR,A) — K (R) : o modEUM R, A) — a modE(R) is a group
monomorphism.

Conclusion

In this paper we introduce a new type of the unitary nil group Unip; K1U*(R, A)
of a unitary ring, and we investigate some properties of this nil group. The group
Unip; K1UMN R, A) is a extending of the unitary nil group Unip; K1U>(R, A) is de-
fined before by author. Its properties are unitary analogues well-known properties
of the Bass’ nilpotent K;-group of a ring in algebraic K-theory [3].
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Algebras of permutations

Sergei Lando

The group algebras C[S,,] of the symmetric groups and, especially, their
centers ZC[S,,] play a crucial role in the study of the structure of these groups and
their representations. Moreover, they are widely used in the analysis of geometry
of moduli spaces of algebraic curves. In particular, Hurwitz numbers,

which enumerate ramified coverings of the projective line with prescribed
ramification types, can be interpreted as connection coefficients of certain classes

generating ZC'[S,,] (A. Hurwitz, 1891). This understanding led to a relation-
ship between Hurwitz numbers and integrable systems of mathematical physics
(A. Okounkov, 2000). Recently, in the study of real ramified coverings of the pro-
jective line, different versions of these algebras, which are called algebras of transi-
tion types, naturally appeared (M. Kazarian, S. Lando, S. Natanzon, 2021),. Other
recent appearances of algebras associated to permutations are related to weight
systems, which are a combinatorial counterpart of finite type invariants of knots.
Originally, weight systems were defined as functions on chord diagrams, which can
be understood as permutations of special kind, namely, involutions without fixed
points (V. Vassiliev, 1990). Last years, an idea due to M. Kazarian allowed for
extending them to arbitrary permutations and to developing efficient algorithms
for computing weight systems (M. Kazarian, S. Lando, Z. Yang). The talk will be
devoted to describing these objects and to discussing various possible relationships
between them.

Sergei Lando

National Research University Higher School of Economics, Skoltech
6, Usacheva st. Moscow 119048,

Moscow, Russia
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Uniform stability of high-rank Arithmetic groups

Alex Lubotzky

Lattices in high-rank semisimple groups enjoy several special properties like
super- rigidity, quasi-isometric rigidity, first-order rigidity, and more. In this talk,
we will add another one: uniform ( a.k.a. Ulam) stability. Namely, it will be shown
that (most) such lattices D satisfy: every finite-dimensional unitary "almost-
representation” of D ( almost w.r.t. to a sub-multiplicative norm on the complex
matrices) is a small deformation of a true unitary representation. This ex-
tends a result of Kazhdan (1982) for amenable groups and Burger-Ozawa-Thom
(2013) for SL(n,Z),n > 2. The main technical tool is a new cohomology theory
("asymptotic cohomology") related to bounded cohomology similar to the con-
nection of the last one with ordinary cohomology. The vanishing of H? w.r.t. to a
suitable module implies the above stability.

The talk is based on a joint work with L. Glebsky, N. Monod, and B. Ran-
garajan.

Alex Lubotzky

Weizmann Institute,

Dep. of Mathemtics, Hebrew University, Jerusalem 91904,
Israel

c-mail: alex.lubotzky@mail .huji.ac.il
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Algebraic groups: abstract isomorphisms, Diophan-
tine problems, and model theory

Alexei Miasnikov

Abstract. In this talk I will mostly focus on three problems: describing ab-
stract automorphisms of a given algebraic group G; describing which algebraic
groups are clementarily equivalent to G; and describing which abstract groups
are clementarily equivalent to G. Recent results on the classical matrix groups,
Chevalley groups, and unipotent groups indicate that there are some powerful
uniform methods to approach all these problems. These methods are based
on the technique of interpretations from model theory. I will also show some
applications of these methods to Diophantine problems in algebraic groups.

Alexei Miasnikov

Department of Mathematics, Stevens Institute of Technology
Stevens Institute of Technology

Hoboken, NJ, 07030 , USA

e-mail: amiasnikov@gmail.com
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On the Grothendieck—Serre conjecture

Ivan Panin

A recent view point on the conjecture will be provided. This will allow to
explain to participants as known results so the current stage of the art. Recall that
the conjecture states that rationally trivial G- bundle are Zariski locally trivial,
provided that G is reductive and the base of the G- bundle is regular (or at least
smooth).

Ivan Panin

St. Petersburg Department of Steklov Institute of Mathematics
Fontanka 27,

Sankt-Petersburg, Russia
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Division algebras and algebraic groups: structure
and cohomology

Andrei Rapinchuk

Abstract. The talk is a tribute to the Saint Petersburg algebraic school. We
will begin with Faddeev’s theorem on the Brauer group of the field of rational
functions, and discuss the extension of its most essential part to arbitrary
reductive algebraic groups proposed by Raghunathan and Ramanathan. We
will sketch a recently found short proof of the Raghunathan-Ramanathan
theorem that uses building-theoretic techniques. These techniques are also
instrumental in the analysis of the structure of groups of points of algebraic
groups - the area to which Nikolay Vavilov has made major contributions. We
will first describe finite subgroups of the groups of points of reductive algebraic
groups over polynomial rings of characteristic zero, and then turn to the
problem of bounded generation of Chevalley groups over rings of arithmetic
type by root subgroups. Here we will emphasize the case where the base ring
is the coordinate ring of a geometrically integral smooth curve over a finite
field, and survey the results of Kunyavskii-Plotkin-Vavilov. In the concluding
part of the talk, we will introduce the genus of a simple algebraic group, and
highlight one application of the Raghunathan-Ramanathan theorem to the
genus problem. We will close with the notion of motivic genus proposed by
Merkurjev and the relevant results of Izboldin, Karpenko and Vishik.

Andrei Rapinchuk

Department of Mathematics, University of Virginia,
P.O. Box 400137,

Charlottesville, VA 22904 , USA

c-mail: asr3xQ@virginia.edu
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N. Vavilov and Digital Foundations
of Mathematics and Mathematical Education

Alexel Semenov

Abstract. The talk addresses activities of the outstanding mathematician
Nikolai Alexandrovich Vavilov and the results of this activity, which lie outside
the theorems proved by him and the definitions proposed by him.

I will talk about three areas that are connected and intersect in Vavilov’s
world:

e Computer in mathematical research

e Philosophy of mathematics and foundations of mathematics

e The educational meaning and significance of mathematics

In addition to personal communication with N.A., T rely primarily on his
works, a list of which is given at the end of this abstract.

In particular, among them is a review of the applications of the computer for
research in number theory [1, 2, 3, 4, 5, 6]. The total number of references read by
Nikolai in this review is 1765.

Note that Vavilov’s views on the use of computers in mathematics and math-
ematical education are based on technologies mainly formed in the 1980s (or early
1990s). I consider this as a positive factor in our discussion. The first technology is
a mathematical text editor designed by one person — Donald Knuth; this editor
has fundamentally reduced the distance between the mathematician who wrote a
text and the mathematician who reads it. The second are computer algebra sys-
tems that have reduced the distance between the research mathematician and the
mathematical reality under observation and study. Vavilov mentions and used var-
ious CAS, but Mathematica was still the main resource for him in the educational
field. It was also designed by one man, Steven Wolfram. In a sense, considering
this stage of technology is important to us today.

We have to understand clearly what can be done successfully, BEFORE the
advent of big data and big players in the field. As you know the results of the advent
are being published in Nature with 5-10 authors from a leading corporation and
a top university.
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2 Alexei Semenov

In the talk, I will try to analyze the oppositions and relationships formulated
by Vavilov based on decades of rational Al preceding the years of intuitive Al and
creative AI. Among them:

e An ideal mathematical reality and an experiment in it

e Coordination of ideas and calculations, theory and experiment

e Deterministic and random

e The simplicity of a mechanism for generation and the unpredictable com-
plexity of the generated

e Various finitnesses, including virtually infinite and intermediate ones

e Proof and error in mathematics

e ctc.

In the talk, I will present my concept of the complexity of objects, which
is relevant to the discussion about different finitnesses. I propose to consider the
complexity of the finite object relative to a mode (program) ol description as the
sum of the length of the mode and the length of the shortest description. With this
definition, the optimal way of describing will be worse by only additive dozens,
or at least hundreds, than other, as Kolmogorov believed. So, when talking about
‘not-so-real’ numbers I propose to consider numbers not being big (Knuth a.o.)
but having high complexity

Many fundamental positions related to the philosophy of mathematics and
mathematical activity, the role of evidence, proof, and errors in this activity are
reflected in [7]. In connection with the discussion of our ideas about mathematical
proofs, I propose an interpretation of Hilbert’s program as a goal to prove that
there is no contradiction in mathematics with complexity less than the size of the
Universe.

Another fundamental text by Vavilov [8] refers to his educational principles.
I forgot to ask Nikolai Alexandrovich about the meaning of the initial metaphor
of the title. I hope his co-authors will explain this to me at the conference. My,
external reconstruction of meaning: "Don’t panic!" Vavilov says that "Teaching
mathematics should intrigue, captivate and fascinate". I will try to point out two
features of learning aimed at implementing this principle for all students: solving
problems that are not known how to solve, and the ability to use digital technolo-
gies.

The speaker hopes for the active participation of listeners, in particular col-
leagues and co-authors of Nikolai Vavilov in his educational and other endeavors.
Such participation will make it possible to more fully restore, preserve and develop
Nikolai Vavilov’s legacy in the areas.
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Some formulas for calculating structure con-
stants for Lie algebras of types B, and C,

Rafael Stekolshchik

Abstract. In [V04], Vavilov observed that in the Carter formula for calculating
structure constants in the simply-laced case, only two of three summands can
be nonzero. This observation motivated the question of how things stand in
the multiply-laced case. To answer this question the concepts of special pair
and extraspecial pair introduced by Carter [Ca72] are used. Let {r,s} be a
special pair of roots for which the structure constant N(r, s) is sought, and let
{r1,s1} be the extraspecial pair of roots corresponding to {r, s}. The concept
of the Carter quartet {r1,r,s,s1} is introduced. Carter quartets are the main
object of interest. Several relations are given in terms of Carter quartets for the
Lie algebras of types B, and C,,. These relations make it possible to calculate
the structure constants N(r, s) in B, using the formula of the simply-laced
case, and in C), - using the same formula, but up to a certain parameter,
which depends only on the extraspecial pair of roots {r1, s1}.

1. Formulas of Chevalley, Tits and Carter

The structure constant N(«, 3) defines the value of the Lie bracket on the root
vectors e, and eg in the simple Lie algebra g:

N(O{,/B)ea+6 if a+ B € ¢7
[6017 6,3] = .
0 fa+p8do.
where @ is a root system associated with g. In 1955, Chevalley [Ch55] showed how
the structure constants of the simple Lie algebra g can be calculated.
Theorem (Chevalley, 1955). The root vectors e, can be chosen so that
[ease—a] = ho for all a € D,
N(a,B) = —N(—a,—f) for all o, B € .
Let a, B € @ such that a4+ € ¢ and p be the greatest integer such that f—pa € P.
Then one has
N(e, f) = £(p+1), (1.1)
see [Se01, Ch. 6,56], [Ch55, Th. 1].
The absolute value of the structure constant N(a, ) in (1.1) is determined

only by the length of a-series of roots through 3. There is just one catch left, how
to determine the signs of the structure constants. Further advances in calculations

34



2 Rafael Stekolshchik
of the structure constants were largely due to the works of Tits [T66] and Carter
[CaT2].

Theorem (Carter, 1972). The structure constants of a simple Lie algebra g over
C satisfy the following relations:

N(a,B) = —N(8, ), a,fed. (1.2)
N(a,f) _ NBy) _ N(v,a) 13
I jaf? ER )
if a,f,ye€® and o+ B+vy=0.
N AN () | NEN(@d) | NonaNEd) )

o+ 517 18+~ o+
if a,p,7,0 €®, a+pf+v+0=0 andif no pair are opposite. If one of sums in
(1.4) is not a root, the corresponding structure constant is 0, and the corresponding
term in (1.4) disappears.

Relation (1.3) is due to J. Tits, [T66]. Relation (1.4) is due to R. Carter. This
relation is the basic formula for calculation of the structure constants.

2. Vavilov’s observation for simply-laced case

For the simply-laced case, the length of any root is 1, and Carter’s formula (1.4)
looks significantly simpler:

N(a, B)N(7,0)+N(B,7)N(a,0) + N(v,)N(8,6) =0,

) 2.1
ifatB+v+3=0. (2.1)

For details on how to find the signs of the structure constants N(c, ), see
[V04], [C03]. In [V04], Vavilov uses Kac-Frenkel cocycles to compute the cases
Eg, E7 and Eg, and this algorithm is significantly faster than inductive algorithm
proposed by Tits, [T66]. However, here, I would like to highlight one observation
made by Vavilov. He noticed that only two summands in eq. (2.1) can be non-zero.
The proof is as follows: if N(a, 3) # 0 and N(8,7v) # 0 then o+ 8 and 8+ both
are roots, and angles 8 o and B v both are 27/3. Suppose N(a,7) # 0, then the
angle &, also equals 27r/3. Then «, 3,7 lie in one plane and o = —(8 + ), see
Fig. 1. Then, according to (2.1) ¢ = 0, a contradiction.

/N

FI1GURE 1. The angle between each pair of roots from the triple
{a.B,7} is 27/3.
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This observation motivated me to check how things are in the multiply-laced
case. In this end, the so-called extraspecial pairs of roots introduced by Carter are
needed.

3. Extraspecial pairs, Carter’s formula and Carter quartets

The positive roots in any root system can be ordered in such a way that a root of
smaller height precedes a root of larger height, and the roots of the same height
are ordered according to the lexzicographic rule. The symbol < is used to denote the
relation “precede”. This ordering of positive roots is called regular, [V04, p. 67].
An ordered pair {r, s} of positive roots is called a special pair if r+ s € ®
and 0 < r < s. Here, the special pairs are defined only for the positive roots. For
the transition from the positive roots to arbitrary ones, see [V04, §4°]. An ordered
pair {r1, s1} of roots is called extraspecial if {ry, s1} is special and if for all special
pairs {r, s} with r + s = r; 4+ s; we have 71 < r. Extraspecial pairs are in one-to-
one correspondence with the roots in @+ — A, where &% is the set of the positive
roots, A is the set of the simple roots, see [Ca72, p. 58-59]. If {r, s} is a pair of
roots which is special but not extraspecial, then there is unique extraspecial pair
{r1,s1} such that
r4+s=r1+s1. (3.1)
Four roots {r, s, —ry, —s1 } satisfies to (1.4), and
0<ri <r<s=<si. (3.2)

Let {r1,s1} be an extraspecial pair, and {r, s} be a special pair satisfying to
(3.1) and (3.2). We call these four roots {ry,r, s, s} the Carter quartet.

Proposition 3.1. [CaT72, Prop. 4.2.2]. The signs of the structure constants N(r,s)
may be chosen arbitrarily for extraspecial pairs {r,s}, and then the structure con-
stants for all pairs are uniquely determined.

If the extraspecial pairs are known, then the structure constants are known
and the Lie algebra is uniquely determined. In terms of Carter quartets, Carter’s
formula (1.4) can be rewritten as follows:

Lemma 3.2. Let {ry,r,s,s1} be a Carter quartet in any multiply-laced root system.
By (3.1) roots {r1,7,s,s1} satisfy to (1.4), which can be transformed as follows:

N(r,s) =

[r+ s|2 (N(s —7r1,71)N(s1 —7,7)|s1 77’\2 N(ri,r —r1)N(s1 — s,8)|r — r1|2)
N(r1,s1) ENEE BHETE

(3.3)

4. Carter quartets for root systems B3,

Theorem 4.1. In the root system B,,, for any Carter quartet {ri,r,s,s1}, vectors
s —r1 and r — r1 cannot both be roots.

Theorem 4.2. In the root system B,,, any Carter quartet {r1,r,s,s1} has the fol-
lowing properties:
(i) If s —ry (resp. v —r1) is a root, then |s —ri| = |s| (resp. |[r —r1| =|r|) .
(ii) The roots r1 + sy and s1 have the same length.
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Corollary 4.3. In the root system By, the formula (3.3) looks as follows:
N(s—ry,r1)N(sy —r,7)+ N(ri,m —r1)N(s; — s, 8)

N(r,s) = N o)

. (4.1)

Relation (4.1), in fact, coincides with formula (2.1) used to calculate the structure
constants in the simply-laced case.

5. Carter quartets for root systems C,

The properties of Carter quartets given in Theorems 4.1 and 4.2 for B,, are not
true for C,,, but are very close.

Theorem 5.1. (i) In the root system C,,, for any Carter quartet {ry,r,s, s1}, vectors
s—ry and r —ry are both roots if and only if (r1,s1) = 0. This condition does not
depend on the pair {r,s}.

(ii) The number of extraspecial pairs {ri,s1} with (r1,s1) =0 isn — 1.

(iii) The inner product (r1,s1) = 0 if and only if

[r1 + S1|2 _

r+ sl =v2, |nl=|s]=1, and P
S1

2.

Theorem 5.2. In the root system C,,, for any Carter quartet {ry,r,s,si}, if s—r1
(resp. 7 — 1) is a root then |s — ri| = |s| (resp. |r —ri| = |r|).

Corollary 5.3. In the root system C,,, the formula (3.3) looks as follows:

N(r,s) = lry+ s1> (N(s —r1,71)N(sy —r,7) + N(ri,7 — 71)N(s; — s, )
’ n N(rl,sl) ’

|51
(5.1)

The parameter ¢ = |r1 + s1]>/|s1|> in (5.1) takes values 1/2,1,2. Note that
¢ depends only on the extraspecial pair {r, s1}.
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Sandwich classification theorem by generic element
method

Alexei Stepanov

The talk is about the lattice of subgroups of a Chevalley group G(R) over
a commutative ring R, containing the elementary subgroups D(R) of another
Chevalley group over the same ring. The standard description of the lattice as-
serts that it splits into a disjoint union of «sandwiches», parametrized by ideals of
R. For example, the standard description in the case of G = SL, and D being
the elementary subgroup of a classical group in the natural representation, was
obtained by Nikolai Vavilov and Victor Petrov in 2000-2007. The most difficult
step in the proof is extraction of a nontrivial elementary unipotent element. Us-
ing "decomposition of transvections" guarantees that the extracted unipotent is
nontrivial. When "decomposition of transvections" does not work, this is a very
difficult problem. Our method is to extract a unipotent from the generic element
of the group scheme. It is easy to check that it is nontrivial. If it vanishes for
all homomorphisms, sending the generic element to the elements of a considered
subgroup H, then H lies in a closed subscheme. Using the result over fields and
for subradical subgroups we show that this is impossible. Thus, H contains an
elementary root unipotent as required.

The talk is based on joint work with Roman Lubkov.
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St.Petersburg State University,
199178,14 line V.O., 29B
St.Petersburg, Russia
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Paborsr H.A.BaBmiioBa mo uctopum u dpuaocodpun
MaTeMaTuKI

Cepreii [Tmrrorux

BasuioB — HNCTOPHUK MaTe€MaTUKN

B 2020 - 2022 rr. H.A. Basusos ony6aukosas cepuio crareit [1-6], 06beanHeHHbIX
obmum 3arosiopkoM “Kommnbiorep Kak HOBasi peasbHoCTh Maremaruku'. Cam ap-
TOP HECKOJILKO OrPAHMYIHMBACT 3HAYECHHE STHX TEKCTOB (HJIH, MO Kpaiineil Mepe, UX
YaCTH), TOBOPSI, UTO OHM UMEIOT He HAYUHbIH U HE MCTOPUUIECKUIi, & UMEHHO MeTo-
audeckuil u Merogosornueckuil xapakrep [2, c. 8]. Ha camom geie, crarbu [2-6]
~ OYE€Hb CEPbE3HOEe U IIyOOKOe MCTOPHYIECKOE MCC/IEIO0BAHUE HEKOTOPBIX KJIACCH-
YECKHUX 33719 TEOPUH UHCeJ, HAIMMCAHHOE MEePBOKJIACCHBIM MATeMATHKOM. B HHUX
obcyzkaaorcs npobsema BapuHra B pasjinvHbIX MOCTAHOBKAX, mnpobsema [omba-
Oaxa, 3a/1a4H, CBSI3aHHbIE C oBeAeHneM unces Mepcenna u ®@epva 1 X aHAJIOTOB.
TIpuBeseHo OrpoMpoe KOJIMUIECTBO YKAa3aHUil HA Pe3yJbTaThl, MOJyIYeHHbIE B 9TOI
obsacTn Kak nmpohecCHOHATBHBIME MATEMATHKAMHU, TaK U JIIOOUTE MU (CPen KO-
TOPBIX MIKOJIBHBIE YIUTENs, CETLCKUE CBANCHHUKH H JIA7Ke TEHEePAIbI).

Bosibiioe BHUMaHUE y/IeJI€HO TOUHBIM IIOCTAHOBKAM KJIACCUIECKUX 3a/1a1; KAK
nokaszbiBaeT H.A., B GO/ILIIMHCTBE HCTOPUIECKUX 0030POB M KHUT 9THU TOCTAHOBKH
OTpazKeHbl HETOYHO. TOUYHBIE MOCTAHOBKU MOJTBEPIKIAIOTCS OYKBAJIBHO YTEHHEM
opurnnanos "moz ysemuaureabubiv crekaom. Bor uro H.A. numer B [4] wa crp.
10 o maprunanun [onbadaxa B mucbMe K Jiiepy, B KOTOPOi chOpMyIUpOBaHa ero
runore3a: "B 6osiee KpYyNHOM paspelieHnn XOpoIo BUAHO, 4To cjosa "die grosser
ist als 1" monucanbr BooOIIe Ge3 nmpobesioB 1o CTPOKOIl, moToM 1 Tam 3aMeHeHa
Ha 2, a MoTOM CHOBa Ha 1".

KoneuHo, B cOOTBETCTBUY C HA3BaHUeM UKJa, H.A. 1eTajbHO IPOCIeKUBAET
danTacTHIeCKUil TPOrpece B TEOPHH YUCE, CBS3AHHBII C HCIOJIB30BAHUEM COBDPE-
MEHHBIX KOMIIbIoTepoB. Hanpumep, B crarbe [4] 06cTosTeIbHO MPOAHATU3UPOBAHO
[OJIHOE pellleHne HedeTHOl npobuembl Losbabaxa (Kazi0e HeveTHOe HATyDPallb-
HOE YUCIO0 N > 5 MOKHO TPEJCTABUTH KAK CYMMY TPeX HATYPAJIbHBIX MPOCTHIX)

39



2 Cepreit [Tumorun

X. Xemabbrorrom, onydsukosanuoe B 2013 — 2014 rr. u COeIMHUBIIEE JTOCTHZKE-
HUSI, OCHOBAHHBIE HA KJIACCHYIECKUX MOAXOAAX, C CYNIECTBEHHBIM HCIOJIb30BAHUEM
KOMITBIOTEPOB.

3HaunTebHAS YACTh TEKCTOB MOCBSIIEHA METOJaM TEOPUH UHCeJl; TaK, aB-
TOP TPUBOAUT OOJIBIIOE KOJTMYECTBO MOJUHOMUAIBHBIX TOXKJIECTB, WCIOJIb30BAH-
HBIX Pa3/IMIHBIMHE MaTeMaTHKaMH HauuHas ¢ disiepa u Jluysuwiga. O B gerasax
06CyKIaeT UIEH U MOIXO0/IbI, TIO3BOJIUBIIKE TPEBPATUTH COBPEMEHHYIO TEOPUIO ‘U~
CeJl B BaXKHEHINN OTJe] MAaTeMaTUKN.

H.A. BKJIOUYNI B TEKCTHI MHOIO 3a/1a4, KOTOPbIE YHTATE]Ib MOXKET PellaTh,
UCTIOJIB3YsI KOMITBIOTEP.

Crarbu HAIMCAHBI YEJIOBEKOM 3aMevaTe/bHO 06pa30BaHHOCTH (M, KOHETHO,
PACCIMTaHBI HA OYEHb OOPA30BAHHOTO W BIyMYHBOIO THTATEJN); TEKCTHI BKJIIO-
AT UTATHl (1aHHBIE 63 IepeBoJa Ha PYCCKUI sI3bIK) HA JIATHIHU, AHIJIHACKOM,
HEMEeIKOM, (PPAHILY3CKOM A3bIKAaX, HA TOH CBOCOOPA3HON CMECH HEMEIKOI'O U JIaThl-
HU, HA KOTOPOIi epenuceiBainck Jitaep u [onpadax, B HUX BCTPEYAOTCS OTPHIBKI
Ha UTAJIbSIHCKOM, TIOJBCKOM, IPEYECKOM ...

T H.A. nporpecc MaTeMaTHKi ObLIT HEOTHEMIEMON YaCThIO PA3BUTHUS BCEil
KYJIBTYPBI T€JI0BEIECTBA, [I09TOMY COBEPIIEHHO €CTeCTBEHHBIMH BBITISIAT YIOMU-
HaHUs B ero Tekcrax biazxennoro Aprycruna u Jleonapmo ga Buwwum, dusoco-
da O. Ilunenrnepa, nucareneit 6parbes [pumm, O. Vaitabaa, JI. Kapposaa u JI.
Bopxeca, komnozuropos U.-C. Baxa, lengens, Crapaarru, Txxycrunu, Pamo u
nyremecrsennnka Mapko oo (u maxke xynoxuuka Bacu JIoxKKuHa).

K 300-neruio C.-IlerepOyprekoro yuupepcurera KypHai Becruuk CIIOIY
Havasl MyOJIMKOBATH CEPHUI0 UCTOPHUYECKHX O030DPOB O JIOCTUIKEHHSIX meTepOypr-
CKUX U JIHHHIDAJICKUX MaTEeMATHUKOB, CBI3aHHBIX C yHUBEpCHTETOM. [ljisi 910l
cepun H.A. BapujioB Hauay nucarTh HUKJ CTarTeil, NOCBAIIEHHBIX BKJAJy [eTep-
OyprcKUX MATEMATHKOB B TEOPHUIO JIMHEHHBIX, KJIACCUYECKUX U AJIreOpanvdecKux
rpynn. Bemuim ape crarbu [7,8] U3 3ajyMaHHONO IUK/A U3 YETHIPEX CTaTeil; K
cozxasienuto, yxoa H.A. U3 *KU3HN HEe MO3BOJIUI €My 3aBEepIIHTh STOT 3aMbICE.

BaBuios — dunocod maremaruku

Crarbsa [1] comepzxur Gombiioil pasgen, B koropom H.A. riayboko dumocodeku
aHaju3upyer Te PyHIaMeHTAIbHbIe U3MEHEeHH B MATeMATHKE, KOTOPbIE SBHJIUChH
CJIeJICTBHEM IPUMEHEHHsT COBPEMEHHBIX KOMIbIoTepoB. ComepzKanne 3Toro pase-
J1a HAIJISIHO XapaKTepHu3yKT 3arojOBKH ero ad3areB: KOHTAKT C PeaJbHOCTBIO,
COOTHOIIEHHE U1 U BBIMUCICHHI, KOHEUHOE U GECKOHEUHOEe, BO3MOKHOE W HEBO3-
MOZKHOE, IPOoDJIeMa IPOMEZKYTOMHBIX Pa3MepOoB, AETEPMUHUPOBAHHOE U CJlydail-
HOe, BBIBOJMMOE U HADJIOIaeMoe, aJrOPUTMHIECKOE MbIILIEHHE, CBSI3b BPEMEH,
TeopeTUuIeCKasd U IKCIIEePpUMEHTaJbHasd MaTeMaTHKa.

Ouenb BaxkHOI yacThio dumocodcekoro Hacaeaus H.A. asiasercs ero mpo-
rpamMMHasi craThs [9], comeprKalas HeTPUBHAIBHBIN aHAIN3 COOTHONIEHUS JIOTUKH
U UHTYUIUU B MPOIECCE PA3BUTHS MATEMATHKH.
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Buauane o GhopMyIupyeT HECKOMBKO (CUNTAIONMXCA OOMENPUHATHIMHA) Te-
3HCOB O CTPYKTYPE MaTeMaTHIECKOTO JT0KA3aTeIbCTBA; MbI IIPUBOAUM, 3HATUTEb-
HO YIIPOIIAs, JIUIIb HEKOTOPBIE U3 HUX:

® JI0KA3aTeIbCTBO — 9TO (DOPMABHBII TEKCT, B KOTOPOM IO CTPOrO OIpe/ie-
JIEHHBIM TIPABHUJIAM Pe3yJIbTaT BBIBOAUTCS U3 HADOPA aKCHOM U PAHee MOJIy IeHHBIX
Pe3yJIbTaTOB;

® HOI/IA OYeHb TPY/IHO HPEIbIBUTH JOKA3ATEIHCTBO, HO €ro MPOBepKa — 3TO
YUCTO TEXHUYECKHUH MPomece (B 9aCTHOCTH, JOCTYIHbIH KOMIIBIOTEDY);

® CyIIECTBYIOT ODIIEIIPHHATHIE BO BCEX 00JIACTAX MATEMATHKH KDUTEPUHU CTPO-
TOCTH JIOKA3ATETbCTBA;

e BCe yTBepIKJeHus, popMynIupyemble B yueOHBIX KypcaX JOCTATOYHO IPO-
JIBUHYTOTO YPOBHSI, IPUBOJASITCS C MOJHBIMU U Y€TKUMHU JTOKA3aTeIbCTBAMU.

IIpuBoas ovenb ybeauTeNbHbIE PUMEPLI U apryMenTbl, H.A. omnposepraer
OCHOBHYIO YaCTh C(HOPMYJIUPOBAHHBIX BbIlIe Te3ucoB. COrIacHO ero KOHIENIHH,
JIOKA3aTeILCTBO OOJIee UM MEHee COAePKATETLHOIO MATeMATHIECKOIO Y TBEPIK 1€~
HUs — 370 He (DOPMAaJIbHBIA BBIBOJ, PE3yJbTaTa M3 AKCHOM U IIPEIIECTBYIONUIIX
TeopeM, a ckopee "nopoxkHas Kapra', mosb3ysach KOTOPOii (M NMPUKJIAAbIBAs IPU
3TOM HHOIJA HE MeHee YCUJIHi, 4eM MPUIOKUI aBTOP J0KA3aTeJbCTBA JJIA €ro
CO3JIAHHUST ), MATEMATUK-TIPO(ECCHOHAT MOXKET YOeIUTLCS B BEPHOCTH JIOKA3bIBAE-
MOr'O pesyJbTrara.

VmenHO Ha TOM 3Tale HPOBEPKH HOBOI'O 3HAHHSA U TPEOyeTCs pa3yMHOe CO-
JeTaHue JIOTUKU ¥ UHTYUIUH, B3AUMOJEHCTBYIONMX Ha Oase (yHIaMeHTAIbHOIT
MaTeMaTHIeCKOH MO OTOBKH.
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Huxonait Basunos 1 MATEMATUKA nnga Hema-
TEeMaTHKOB

Huxonait Bacuibes, Jhiogmuna Bronenko, Biaamgumup
Xamu and Asekcanap FOpkos

ITpodeccop Hukonaii Anexcanaposna Bapunos (1952-2023) 6b11 SHIUKIOIE-
JMYIeCKH 00PAa30BAHHBIM YEJIOBEKOM, MHOI'O 3HAIOIINM B PA3HBIX 00IaCTIX HAYKH,
KYyJBTYPBI, HCKYCCTBA, CBODOJHO TOBOPHJI HA HECKOJIBKHX EBPOIEHCKUX fA3bIKAX
U MOI YMTATh HA MHOIHX sI3BIKAX MHPA, BKJIIOUAs KHTAHCKHi, CAHCKPUT u dap-
cu. ITopazkasa ero paboTocrnocobHOCTh: 1o, HacTpoenue Hukosaii Anekcanaposud
MOT' 33 HECKOJIbKO JHEH HAIUCATD MOJIHOIEHHYIO CTATHIO CTPAHUIL HA TPUALATD, 12
€llle Ha BEJIMKOJIEITHOM aHIJIHIICKOM — HMeHHO Tak pojauiack « The Skies are Falling:
Mathematics for Non-Mathematicians» [1]. K maremaruke Hukosnaii Asekcanapo-
BHY OTHOCHJICSI KAK K <...BBICIIEMY MPOSBICHHUIO Y€JI0BEYUECKOrO AyXa U KYJIbTYDbI,
[IEHHBIM HE3aBHCUMO OT KAKHX-JHOO NMpuiaoxkeHuii». VIMEHHO 9TUM OH OObBACHAT
COBEPIIEHHO 0COOYIO POJIb MATEMATHIECKOr0 00pa30BaHus B (hDyHKIMOHUPOBAHUH
obIiecTBa, BbIAEss TPU MPUHIUIHAILHO PA3HBIX YPOBHS: JIO-yHHUBEPCUTETCKUIL;
MaTeMaTHKa JJIs MaTeMaTHKOB; MaTeMaTHKa Jjisl HemMareMaTukos. Hukomail Asek-
CAHIPOBUY CUUTAJ, UTO «...CAMBIH BA2KHBIII ACIIEKT MPEIOJIABAHNU MATEMATHKN HA
37IeMEHTaPHOM yPOBHE — BBIPAOOTKA HHTEJIEKTYATbHOI 1€CTHOCTH, T.€. CIIOCOOHO-
CTH OTJINYIATH TO, UTO ThI IOHUMAEIIb, OT TOTO, Yero Thl HE MOHHMAEIIb; TO, TITO
HUMeeT TOUHBI CMBICJI, OT TOrO, YTO HE MMEET; TO, YTO CKa3aHO, OT TOr0, YTO UMe-
ercs B BUJY; BO3MOXKHOE OT HEBO3MOKHOI'0; HCTHHHOE OT JIOZKHOT0; TOKA3AHHOE OT
TpenoaraeMoro». Bropoii cTomb e BazKHbI aciekT — (GU3KyIbTypa Mo3ra, HOj-
TOTOBKA K YMEHHIO PeIaTh Jo0ble TPy/IHble 331a4u. Ha yHHBepCHTEeTCKOM ypOBHE
HA TEPBbIH IIJIAH BBIXOAAT APYLHUE IEJH — B MEPBYIO OYepe/b PAa3BUTUHE MaTeMa-
THYECKOIO CIIOCcO0A MBIILIEHHS], T.€. CIIOCOOHOCTH HAYHHATH C HEePBbIX PUHIIUIIOB,
paccMaTpUBaTh CaMblil IPOCTON CJIydail, UCIO/Ib30BATh AHAJIOIMU U MeTadOpbl,
0000IIaTh U CHeNHaTH3nPOBaTh, 1 TaK gajee. Hy u, KoneuHno, pazsurne cOGCTBEHHO
MaTeMaTHIeCKOrO IMOHMUMAHUS M TPEHHPOBKA OCHOBHBIX CIIOCOOOB PACCYZKICHHA.
TIpodeccop H.A. Bapuiop aBjaseTcsa aBTOpOM YHUKAJIBLHONH KOHUENIUH 00y IeHNUsI
MaTeMaTHKe HEMATeMATHKOB HA YHUBEPCHTETCKOM YPOBHE C HCIOJIb30BAHUEM CH-
CTeM CUMBOJIbHBIX BBIUHCIEHUN 1 KOMIBbIOTEPHOH arebpol. Hukomnaii Asekcanapo-
BHUY CUHMTAJI, UTO «IPEMOJABAHNE MATEMATUKHU JIOJ?KHO UHTPUTOBATD, YBJIEKATH U
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0YaPOBBIBATLY U IIPE/IArasl yIUTh MATEMATHKE [I0-HOBOMY — HEPEIOPY IUTh OCHOB-
HYIO YaCTh PYTUHHBIX BHIYUCJIEHUI CHCTEMaM KOMIILIOTEPHOI aaredpbl U HETUKOM
coxkycupoBaTbCs Ha UAEHHOI CTOPOHE MAaTEeMAaTHKH, Jejiasl aKIEHT HA OCHOBHBIE,
caMble BarKHbIE, MOJIC3HbIC, HHTPUTYIONINE U YBJIEKATEIbHbIE TJIACThI MATEMATH-
KU — TOHSTHS, WJIEH, aHAJIOIUH, KOHCTPYKuuu u Meradopel. OH HAcTauBas, UITO
HEMATEMATHKOB HYKHO «yUIHTb MATEMATHKE TaK, KAK Mbl, MATEMATHKU, €€ TOHHU-
MaeM T.e. B nepsyio ouepes, IOHNUMAHIIO» [1]. Hasmuas ¢ 2005 roxa npodec-
cop H.A. Basusos 6osee 10 jier umran Ha skoHOMu4eckoMm (dakynbrere CIIGIY
ABTOPCKHIl JIByXCeMeCTPOBbIil Kypc «MaremMaruka u KOMOBIOTED» JJisl CTYIEHTOB
crenuasibHOCTe «Maremarntieckue MeTonbl B 9KOHOMHUKe» n «llpukimaanas wu-
dopmaruka B 9KOHOMHUKE». Konuenus npodeccopa Basunosa H.A. cocrosiia B
TOM, 4TOOBI CPOKYCUPOBATHCS UCKJIIOUUTETLHO HA, MOHUMAHUU U OOJIBIIUX UIEsX,
3aMeHssl 3HATUTEIbHYIO YaCTh JI0KA3aTe/IbCTB U (DAKTUYIECKUX HABBIKOB — KPOME
CaAMbIX OCHOBHBIX M TeX, KOTODbIe HEODXOAMMBI Jjisi MOHUMAHUsS, — Ha KOMIIHIO-
TepHbIe BBIMHUCICHU, SKCIIEPUMEHTDI U BU3yaan3anuio. Tpyanas 1acts paboTel 10
peaiu3anuu TOro Kypca COCTOsijia B TOM, YTOOBI CO3/aTh CHENUAJILHYIO CUCTEMY
U3 HECKOJIbKUX COTEH y4eOHBIX 33J1a4, KOTOPble TPeOYIOT OJHOBPEMEHHO MaTeMa-
THUYECKOrO U anropurmMuieckoro Mpiiutenus [1]. Hapaborku no kypey «Maremaru-
KA U KOMIIBIOTEP», JIUIIb YACTh KOTOPBIX YAAJIOCh «YJIOKUTb» B CKATHIA (hopmMar
yuebnuka «Mathematica ais nemaremaruka» [3], o onenkam camoro npodeccopa
Basusopa H.A. nacuntbisanu 6osee toicsau crpannn! Kypc KOHIeHTpUpoBaics Ha
OCHOBHBIX MaTeMAaTHUYIECKUX HJESX, & He Ha CHenudHUIecKuX MPUIOKeHusx. Bor
kak cam Huxomnaii AnekcanapoBud omnmcbiBas 3Ty pabory: «Buauasne mbl usia-
rajii KaKHe-TO HOBBIE MATEMATHYECKHE MOHATUS U UJEH, a8 TakkKe (popMyIupo-
BaJIM HECKOJIBKO KJIIOUEBBIX YTBEPIKACHUIl, HHOIJA ¢ HADPOCKAMU J0KA3aTeIbCTB.
TTonHOCTBIO TOKA3aTEIBCTBA U3JIATAIUCH TOJBKO B TEX CJIyYasX, KOrJa OHU ObLIn
0CODEHHO KOPOTKUMH W HATJISIHBIMEA WM COAEPIKAIN MOIITHBIE 00IIne coodpazKke-
HUsI, TI0JIE3HBbIE BO MHOIUX cuTyanusX. [Toc/ie 37oro Mbl jaBajin peKOMEHIAIUH J1JIst
JAJBHEHIIero YTeHus, i TeX, KTO XOTe I IIy0zKe U3y IUTh ITHU [OHSITUS, U IIEPEX0-
JIJIA K aJIPCOPUTMAM U KOMITBIOTEPHBIM JIEMOHCTDAIIUSIM, BBIYUCICHUIM, rpaduke
U T.J. ... [Ipy aKTUBHOM y9aCTUH U MHTEPECE CO CTOPOHBI CTYACHTOB HAM Y/IAJIOCh
TIOKPBITH 33 TO YK€ BpeMsl TOpas3 1o O0JIbIlle MaTeMaTHKH, O0Iee pa3HOOOPA3HOI Ma-
TeMaTUKH, 0OJIee HHTEPECHOI 1, B KOHEYHOM CUeTe, DOoJIee MOJIe3HOH MaTeMaTuKu C
TOpa3/o JYUIINME Pe3yJIbTaTaMi, IeM 3TO ObLI0 Obl BO3MOKHO Ipu 00Jiee TPain-
uonHoM noaxoae» [2]. Ilo pesynbraraM MHOrOJETHEH NPAKTHKU MPENoJaBaHusT
Kypca «Maremarnka u KOMIbIOTEp» ObLI omybiankoBan y4deOHHK «Mathematica
J1sl HemaremaTukay [3]. Yuebuuk Obu1 nogzepzxkan rpantom @ouga [Toranuna, a
B 2021 roay nobeaus B HOMUHAIMU <«JlydIIas WHHOBAIMOHHAS UIEs» B KOHKYP-
Cce WHHOBAIIMOHHBIX MPOEKTOB B Ccdepe HAayKW U BBICIIEro obpasopanusi [Ipapu-
reabcrBa Cankr-Ilerepbypra. Cryaenram noaxox npodeccopa BaBunosa Becbma
MMIIOHUPOBAJI, W JIaKe MO MPOIIECTBUH JIET OHU C BOOJLYIIEBJICHHEM BCIOMUHAIOT
3aHATH 10 ero Kypey: «MaremMaruka 1 KOMIbIOTEPbI» — OJHA U3 JUCHUILIUH 00Y-
qeHus Ha crenuaabaocT «IIpuknaanas nadopmaruka B skoHomuke» B CIIOLY, n
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COOTBETCTBYIOIIAS €ff KHUIa OCTABUIIA IIPUIATHOE MOCJIEBKYCHE, IIOCKOIbKY KOHIIEI-
UM ¥ AJITOPUTMBI, OMMCAHHBIE B KHUI® MAKCHMATIHHO AKTYAJbHBI IPU DENIeHUN
JIOOBIX 3314, Tye Tpebyercs MareMaThnka, a B paboTe aHAINTHKA WIH MPodec-
cuoHasIa B 00JACTH JAHHBIX MaTeMaTHKa HeobXoauma IoBceMecTHO» (Bamuorrn
Huxoumnaii, Beinyck 2008); «Mathematica fist HemaTemaTuka» — 9T0 € JUHCTBEHHAS]
YHHUBEPCHTETCKAsl KHHUra, K KOTOPOii §I IePHOAUTIECKN BO3BPAIIAIOCH JazKe CILyCTsI
JIECSITH JIeT Tocie BbiycKay (Amnees Januwu, soimyck 2011). Yausisia u Bocxu-
maer crnocodnocTh Hukommasa AsiekcanapoBuia ¢ JIErKOCTbIO UCIOJIb30BaTh HHMOP-
MAI[MOHHBIE TEXHOJIOIMU B IPEHOJABAHUN KJIACCHIECKOl U COBPEMEHHON Marema-
TUKH KaK CTyaeHTaMm, Tak u npodeccuonanam. IIpodeccop H.A. Basuios sais-
ercs aBTopoM OojIee ABAaALATH ABTOPCKHUX OOIINX U CHELHAIbHBIX OHIAIH-KYPCOB
JIJIs CTY/IEHTOB U aCIUPAHTOB, H3Y4YaOIIUX COBPEMEHHYIO MaTEeMATHKY H KOMIIbIO-
Tepuble Hayku. Cpean nux «Anrebpar, «Boicimas anrebpa», «Komnbiorepuas aj-
rebpar, «Anrebpanteckasi reomeTpus», «Anrebpanteckue Tpynibl», « Aaredpol u
rpynnbl JIuy, «IleaTpanbuble npocTbie anredpbl», « Anredpsr Xomda u Teopus La-
Jiya», «Bpiciime 3aKOHbI KOMIO3UIHN», «MOmy/agpHble IPeICcTaBIeHnst KOHEIHBIX
rpymmn», «Anrebpot Kinnddopaa u cnuaopable rpynibly, «cKmouure babe 06b-
€KTBI B aJIredpe U reOMeTpUH», « AHIIMHCKUI SI3bIK JjIsi MATEMATUKOB», «Domino
Tilings», «Jacobian Conjectures (caiir dpaxymbrera MKH CIIGLI'Y: https://math-
cs.spbu.ru/courses/required/ u https://math-cs.spbu.ru/courses/special/ + caiir
sekropuyM: https://www.lektorium.tv /speaker/3130 ).

Samvennts Hukomnas Anekcanposutia HeBO3MOKHO. Ero tamant, HeBeposTHOE
TPY/A000HE, YBAEYEHHOCTh, OTBETCTBEHHOCTh, €r0 OCOObIIl CTHJIb IPEeNnoIaBaTe s
U yI€HOrO, HEBEPOSTHAS XapH3Ma CHUCKAIH eMy IVIyOOKOe yBasKeHHe yIeHHKOB H
kosuter. ITavaTs o npodeccope Huxonae Anekcanaposuue Basuiose Oyaer KUTh
B Cep/IIaX BCEX, KOMY IOCYACTIUBUIOCH BCTPETUTHCS C ITUM YAUBUTETHHBIM Ue-
JIOBEKOM Ha, KH3HEHHOM IIyTH.
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