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Abstract. A class X of �nite groups is called radical if every �nite group G has
the largest normal subgroup GX belonging to X. According to the de�nition
by Gordeev, Grunevald, Kunyavskii, and Plotkin, for a radical class X, the
Baer�Suzuki width BS(X) is the smallest nonnegative integer m such that

GX = {x ∈ G | ⟨x1, . . . , xm⟩ ∈ X for all x1, . . . , xm conjugate to x}
for every �nite group G, or, if no such m exists, we set BS(X) = ∞. A special
case of a radical class is a class that is complete in the sense of Wielandt, i.e., a
non-empty class that is closed under taking subgroups, homomorphic images,
and extensions. Recently, the speaker proved that the Baer�Suzuki width of
an arbitrary complete class is �nite. Now, we present an almost unimprovable
estimate of the Baer�Suzuki width of a complete class and give examples of
classes with in�nite Baer�Suzuki width.

Introduction

According toWielandt [1], a nonempty class X of �nite groups is said to be complete

if X is closed under taking

• subgroups (G ∈ X ⇒ H ∈ X for every H ⩽ G),
• homomorphic images (G ∈ X ⇒ ϕ(G) ∈ X for every group homomorpism ϕ
with domain G), and

• extensions (N ∈ X and G/N ∈ X ⇒ G ∈ X for every group G and N ⊴G).

For a complete class X, each �nite group G has the X-radical GX�the largest
normal subgroup which belongs to X.

The Baer�Suzuki theorem states that if X is the class of p-groups where p is

a prime, then

GX = {x ∈ G | ⟨x1, x2⟩ ∈ X for all x1, x2 conjugate to x}

in every �nite group G. Gordeev, Grunewald, Kunyavskii, and Plotkin [3] and
independently Flavell, Guralnick, and Guest [2] proved that if X is the class of
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solvable groups, then

GX = {x ∈ G | ⟨x1, x2, x3, x4⟩ ∈ X for all x1, x2, x3, x4 conjugate to x}.

In [4, De�nition 1.15], Gordeev, Grunewald, Kunyavskii, and Plotkin intro-
duced the following de�nition.

De�nition. Let X be a class of �nite group such that every �nite group G has a
largest normal subgroup GX belonging to X. The Baer�Suzuki width BS(X) is the
smallest nonnegative integer m such that

GX = {x ∈ G | ⟨x1, . . . , xm⟩ ∈ X for all x1, . . . , xm conjugate to x}

for every �nite group G, or, if no such m exists, we set BS(X) = ∞.

The Baer�Suzuki width of the class of p-groups is 2 and that of solvable groups
is 4. Gordeev, Grunewald, Kunyavskii, and Plotkin [4, Problem 1.16] proposed to
study the following problem.

Problem. Study other classes X of �nite groups for which BS(X) < ∞.

Recently [5], using the classi�cation of �nite simple groups, it was proved
that the Baer�Suzuki width of every complete class is �nite. Here we will give an
estimate of the Baer�Suzuki width for complete classes and show that it is nearly
unimprovable.

1. Unimprovable estimate for the Baer�Suzuki width of a complete

class

It is clear that BS(X) = 0 if X is the class of all �nite groups. Hereinafter, we
assume that X is a complete class distinct from the class of all �nite groups. By
the Cauchy embedding, there exists a greatest natural number Υ = Υ(X) such
that SymΥ ∈ X. We call this number Υ the symmetric boundary of X.

By slightly modifying the arguments in [5], we can prove the following asser-
tion.

Theorem. Let X be a complete class distinct from the class of all �nite groups.

Denote by Υ = Υ(X) the largest integer n such that Symn ∈ X and set

m = max{11, 2(Υ− 1)}.

Then, for every �nite group G,

GX = {x ∈ G | ⟨x1, . . . , xm⟩ ∈ X for all x1, . . . , xm conjugate to x}.

Corollary. Let X be a complete class distinct from the class of all �nite groups.

Then BS(X) ⩽ max{11, 2(Υ− 1)}.

We will show that the estimate max{11, 2(Υ−1)} is unimprovable for Υ ⩾ 7.
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Conclusion

An unimprovable estimate is also known for Υ = 1: it follows from Tyutyanov's
result [6] that if Υ = 1, then BS(X) = 2. It is also easy to show that the symmetric
boundary of a suitable complete class can take on any natural number except
3 (the latter follows from the fact that if Sym3 ∈ X, then Sym4 ∈ X). Thus,
the unimprovable estimate for the Baer�Suzuki width in terms of the symmetric
boundary Υ of a complete class is known, except for the four cases where Υ ∈
{2, 4, 5, 6}.
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